We study the entropy of extremal four dimensional black holes and five dimensional black holes and black rings is a unified framework using Sen's entropy function and dimensional reduction. The five dimensional black holes and black rings we consider project down to either static or stationary black holes in four dimensions. The analysis is done in the context of two derivative gravity coupled to abelian gauge fields and neutral scalar fields. We apply this formalism to various examples including U (1) 3 minimal supergravity.
Introduction
The attractor mechanism has played a significant part in furthering our understanding of black holes in string theory [1, 2, 3] . A characteristic of extremal black holes, the mechanism fixes the near horizon metric and field configuration of moduli independent of the moduli's asymptotic values.
While the original work was in the context of spherically symmetric supersymmetric extremal black holes in (3+1)-dimensional N = 2 supergravity with two derivative actions, the mechanism has been found to work in a much broader context. Examples of this include non-supersymmetric theories, actions with higher derivative corrections, extremal black holes in higher dimensions, rotating black holes and black rings [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53] .
In particular, by examining the BPS equations for black rings, [33] , found the attractor equations for supersymmetric extremal black rings. Motivated by the results of [54, 4, 29] , which demonstrate the attractor mechanism is independent of supersymmetry, we sought to show the attractor mechanism for black rings with out recourse to supersymmetry by using the entropy function formalism of [29] . We note that [55] have made use of the formalism for studying small black rings.
Using the connection between four dimensional black holes and five dimensional black rings in Taub-NUT [56, 57, 58] we construct the entropy function for black rings. In fact we found that the same technique works for five dimensional black holes. This allows us to write down a single entropy function describing both black holes and black rings -one entropy function to rule them all. 1 In section 2 we discuss our set up and apply dimensional reduction from five to four dimensions. In section 3 we study black holes and black rings whose near horizon geometry have AdS 2 ×S 2 ×U (1) symmetries. The U (1) may be non-trivially fibred. After dimensional reduction along the U (1), we get an AdS 2 × S 2 near horizon geometry. This class includes static black holes with AdS 2 × S 3 horizons and black rings with AdS 3 × S 2 horizons. For the black holes the U (1) is fibred over the S 2 while for the ring we fibre over the AdS 2 . We specialise these examples to the case of Lagrangians with very special geometry and find the BPS and non-BPS attractor equations. In section 4 we consider an AdS 2 × U (1) 2 horizon which projects down to an AdS 2 × U (1). In this case both U (1)'s may be non-trivially fibred.
Black thing entropy function and dimensional reduction
We wish to apply the entropy function formalism [29, 30] , and its generalisation to rotating black holes [40] , to the five dimensional black objects -black rings and black holes. These objects are characterised by the topology of their horizons. Black ring horizons have S 2 ×S 1 topology while black holes have S 3 topology.
We consider a five dimensional Lagrangian with gravity, n v Abelian gauge fields,F I , n s neutral massless scalars,X S , and a Chern-Simons term:
way:F I = dĀ I . We use bars to distinguish 5D objects from the 4D ones which will appear after dimensional reduction. We take the indices {I, . . . , M } to run over the n v 5D gauge fields and the indices {S, T } to run over the n s 5D scalars.
Since the Lagrangian density is not gauge invariant, we need to be slightly careful about applying the entropy function formalism. Following [32] (who consider a gravitational Chern-Simons term in three dimensions) we dimensionally reduce to a four dimensional Lagrangian density which is gauge invariant. This allows us to find a reduced Lagrangian and in turn the entropy function. As a bonus we will also obtain a relationship between the entropy of four dimensional and five dimensional extremal solutions -this is the 4D-5D lift of [59, 56] in a more general context. The relationship between the four and five dimensional charges is extensively discussed in [59, 56] .
Assuming all the fields are independent of a compact direction ψ, we take the ansatz 2
2)
3)
Whether space-time indices above run over 4 or 5 dimensions should be clear from the context. Performing dimensional reduction on ψ, the action becomes
where 8) and h rs is a diagonal (1 + n v + n s ) × (1 + n v + n s ) matrix:
The gauge indices, {i, j}, labeling the (1 + n v ) four dimensional gauge fields, run over 0, 1, . . . , n v . The additional gauge field, A 0 comes from the off-diagonal part of the five dimensional metric while the remaining ones descend from the original five dimensional gauge fields. The four dimensional gauge field strengths are given by F i = (dA 0 , dA I ) where the four dimensional gauge fields are given in terms of the 5D ones by (2.3). The scalar indices, {r, s}, labelling the four dimensional scalars, run over (1 + n v + n s ) values. The first additional scalar, w, comes from the size of the Kaluza-Klein circle. Then next set of n v scalars, which we label a I , come from the ψ-components of the five-dimensional gauge fields and become axions in four dimensions. Lastly, the original n s five dimensional scalars,X S , descend trivially. We write the four dimensional scalars as, Φ s = (w, a I , X S ). Finally, notice that the coupling,f ij ( Φ), is built up out of the five-dimensional ChernSimons coupling and the axions. Details of the derivation of the form off ij can be found in Appendix A.
In the next two sections we shall consider what happens when the near-horizon geometries have various symmetries. Firstly, we will look at black holes and black rings with a higher degree of symmetry, namely AdS 2 × S 2 × U (1), where the U (1) may be non-trivially fibred. Upon dimensional reduction we obtain a static, spherically symmetric, extremal black hole near-horizon geometry -AdS 2 × S 2 -for which the analysis is much simpler. The entropy function formalism only involves algebraic equations. After that we will look at black objects whose near horizon symmetries are AdS 2 × U (1) 2 in five dimensions. Once again, the U (1)'s may be non-trivially fibred. After dimensional reduction, we get an extremal, rotating, near horizon geometry -AdS 2 × U (1) -for which the entropy function analysis was performed in [40] . For this case, the formalism involves differential equations in general.
Algebraic entropy function analysis
In this section, we will construct and analyse the entropy function for five dimensional black holes and black rings sitting in Taub-NUT space with AdS 2 × S 2 × U (1) near horizon symmetries (with the U (1) non-trivially fibred). One can formally dimensionally reduce along the U (1) to obtain an effective four dimensional description in terms of a black hole with AdS 2 × S 2 near horizon symmetries.
After introducing an appropriate ansatz, we will calculate and analyse the entropy function. We will apply the analysis to static black holes which turn out to have AdS 2 × S 3 horizons and black rings which turn out to have AdS 3 × S 2 horizons. We will see that these black rings are in some sense dual to the black holes. Interestingly, we do not need to assume the S 3 and the AdS 3 geometries -they follow from the entropy function analysis. We will then apply our result to Lagrangians with real special geometry.
Set up
Before proceeding to the analysis, and to justify our ansatz, (3.1-3.3), for the near horizon geometry, we need to establish some notation and consider the geometry of the dimensional reduction of five dimensional black holes and black rings to four dimensional black holes.
As previously mentioned, five dimensional black holes and black rings are characterised by their horizon topologies which are S 3 and S 2 ×S 1 respectively. Assuming no dependence on the fifth direction we can formally dimensionally reduce their near horizon geometry to obtain an effective four dimensional description. In the case of the S 3 we can dimensionally reduce along a U (1) fibre and for S 2 × S 1 we can dimensionally reduce along the S 1 . In both cases we end up with an S 2 topology so that the effective four dimensional description of both five dimensional black holes and black rings is in terms of a four dimensional black hole.
The dimensional reduction of black ring and black hole geometries in Taub-NUT space is schematically illustrated in figure 1 and 2. Figure 1 : A Black ring away from the centre of Taub-NUT is projected down to a black hole and naked Kaluza-Klein magnetic monopole in four dimensions. The angular momentum carried in the compact dimension will translate to electric charge in four dimensions. An AdS 2 × S 2 × U (1) near horizon geometry will project down to AdS 2 × S 2 . On the other hand, an AdS 2 × U (1) 2 will go to AdS 2 × U (1).
Figure 2:
A black hole at the centre of Taub-NUT caries N U T charge. Using the Hopf fibration it can be projected down to black hole carrying magnetic charge. A spherically symmetric black hole with near horizon geometry of AdS 2 × S 3 will project down to an AdS 2 × S 2 . On the other hand, a rotating black hole with a AdS 2 × U (1) 2 geometry will go to AdS 2 × U (1).
Since the entropy function analysis only depends on the near horizon geometry we will not be interested in the full geometry of Taub-NUT space. We will only be concerned with its influence on the near horizon geometry. The effect of the Taub-NUT charge is to introduce identifications so that the black hole horizon topology becomes S 3 /Z p 0 and the black ring horizon topology becomes S 2 × S 1 /Zp0
We either usep 0 , to denote the Taub-NUT charge of the space a black ring is sitting in, or p 0 , to denote the charge of a black hole sitting at the centre of the space. In each case the U (1) will be replaced by either U (1)/p 0 or U (1)/p 0 . Unlike the black hole, the black ring does not carry Taub-NUT charge. Since we are only looking at the near horizon geometry, the only influence of the charge on the ring will be to induce an identification which we can impose this by hand. To encode asymptotically flat space we simply set the Taub-NUT charge to 1 in both cases. For a unified presentation, we include p 0 andp 0 in the formulae below. Given this notation, when we consider black rings, we must remember to set p 0 = 0 and mod out the U (1) byp 0 . When considering black holes, p 0 is non-zero and, since we do need to mod out by hand, we setp 0 = 1.
For black holes, we can fibre the U (1) over the S 2 to get S 3 /Z p 0 while for the rings it will turn out that we can fibre the U (1) over the AdS 2 to get AdS 3 /Zp0. These fibrations will only work for specific values of the radius of the Kaluza-Klein circle, w, depending on the radii of the base spaces, S 2 or AdS 2 , and the parameters, p 0 or e 0 respectively. 3 Even though we start out treating w as an arbitrary parameter, we will see below that the "correct" value for w will be dynamically generated by solving the equations of motion for w coming from the entropy function analysis. The fibration which gives us S 3 is the standard Hopf fibration and the one for AdS, which is very similar, is discussed towards the end of Appendix C. Now, to study the near horizon geometry of black holes and black rings in Taub-NUT space, with the required symmetries, we specialise our Kaluza-Klein ansatz, (2.2-2.4), to
where the coordinates, θ and φ have periodicity π and 2π respectively. The coordinate ψ has periodicity 4π for black holes and 4π/p 0 for black rings. This ansatz, (3.1-3.3), is consistent with the near horizon geometries of the solutions of [60, 61, 62, 63] as discussed in Appendix C.
Now that we have an appropriate five dimensional ansatz, we can construct the entropy function from the dimensionally reduced four dimensional Lagrangian. From the four dimensional action, we can evaluate the reduced Lagrangian, f , evaluated at the horizon subject to our ansatz. The entropy function is then given by the Legendre transformation of f with respect to the electric fields and their conjugate charges.
The reduced four dimensional action, f , evaluated at the horizon is given by
The equations of motion are equivalent to
where e i = (e 0 , e I ) and q i are its (conveniently normalised) conjugate charges. We choose the the normalisation N = 4π/p 0 G 5 = 1/G 4 . Using the ansatz, (3.1), we find
while (3.6) gives the following relationship between the electric fields, e i , and their conjugate charges q i :q
where, p i = (p 0 , p I ),f ij is given by (2.8) and the shifted charges,q i , are defined aŝ
The entropy function is the Legendre transform of f with respect to the charges q i :
In terms of E the equations of motion become
Evaluating the entropy function gives
where we have defined the effective potential
where f ij is given by (2.7) and f ij , the inverse of f ij , is given by
wheref IJ is the inverse off IJ . More explicitly, the effective potential is given by
Charges
From a four dimensional perspective, the charges are simple to interpret -the p i are conventional magnetic charges and the q i are the conjugates to the electric field. Since we are using dimensional reduction to perform our calculations, it is easiest to work with these charges. When we write the gauge field in terms of a Kaluza-Klein ansatz, (3.2), from a five dimensional perspective, things are a little more complicated. We need to separately consider the charges p 0 , p I , q 0 and q I . The charge p 0 corresponds to the Taub-NUT charge while the p I are related to the dipole charge. When p 0 is zero, the charges p I correspond to dipole charges of the S 2 parameterised by θ and φ. This is the case for the black ring solutions considered in section 3.4. On the other hand, when p 0 is non-zero, the flux through the S 2 , in our conventions, goes like p I + a I p 0 . It is this quantity should be interpreted as the dipole charge rather than p I . So generally, the relationship between p I and the dipole charge will depend on the value of the axions, a I and the Taub-NUT charge. When we are considering black holes, we expect the dipole charge to be zero, but as we will see in section 3.5, the p I are non-zero. In this case they are simply to be interpreted as a quantity proportional to a I .
The charge q 0 is related to the angular momentum while the q I are related to the electric charge. When e 0 is zero, the q I are simply the conjugates to the electric-field. Analogous to the dipole charges discussed above, when e 0 is non-zero, the electric field goes like e I + a I e 0 . In this case, the relationship between q I and the electric charge depends on the values of e 0 and a I .
Preliminary analysis
While the effective potential V ef f is in general quite complicated, the dependence of the entropy function, (3.13), on the S 2 and AdS 2 radii is quite simple. Extremising the entropy function with respect to v 1 and v 2 , one finds that, at the extremum,
with 18) where the effective potential is to be evaluated at its extremum:
From, (3.18), we see that the radii of the S 2 and AdS 2 are equal with the scale set by size of the charges. As a check, we note that, the result, (3.17), agrees with the both the four and five Hawking-Bekenstein entropy since,
Notice that w drops out of (3.21).
Finding extrema of the general effective potential, V ef f , given by (3.16) may in principle be possible but in practice not simple. In the following sections we consider simpler cases with only a subset of charges turned on.
Black rings
We are now really to specialise to the case of black rings. As discussed at the beginning of the section, for black rings, we take p 0 = 0 so that our AdS 2 × U (1) × S 2 ansatz 4 becomes
23)
In this case the gauge field (or in 4-D language the axion) equations simplify considerably and it is convenient to analyse them first. Varying f with respect to a we find
where d IJ = wf IJ e 0 + 6c IJK p K . Assuming d IJ has no zero eigenvalues, (3.25) implies that the electric field, F J tr = e J + e 0 a J , is zero. Using (3.8,3.10) this in turn impliesq I = 0 which, using (2.8,3.10), allows us to solve for the axions:
wherec KJ is the inverse ofc
Notice thatc IJ is equal to the sub-matrix,f IJ , with a K replaced by p K . Now substituting (3.26) into the definition ofq 0 we find:
So, eliminating the axions and usingq I = 0, the effective potential becomes
Using ∂ w V ef f = 0 we find
where we have defined the magnetic potential,
Eliminating w from V ef f we get
We note that
which, we see by comparison with (C.40), means that we have a S 2 ×AdS 3 /Zp0 near horizon geometry. Finally, using (3.18,3.31,3.33) we can also write the entropy as
Static 5-d black holes
We now consider five dimensional static spherically symmetric black holes. Since they are not rotating we take e 0 = 0. This is in some sense "dual" to taking p 0 = 0 for black rings.
To examine this analogy further, we will relax the natural assumption of an AdS 2 × S 3 geometry to AdS 2 × S 2 × U (1). We will see that the analysis for the black holes is very similar to the analysis of the black rings with the magnetic potential replaced by an electric potential. Once we solve the equations of motion we recover an AdS 2 × S 3 geometry via the Hopf fibration. This is analogous to the black ring where we got AdS 3 × S 2 with the U (1) fibred over the AdS 2 rather than the S 2 . With e 0 = 0, our ansatz becomes
In this case the gauge field equation becomes
whered IJ = wf IJ p 0 − 6c IJK e K . Assumingd IJ has no zero eigenvalues, (3.38) implies F I θφ = 0, which, together with (3.9,3.10), giveŝ
40)
and the effective potential becomes
where we have defined the electric potential V E =f IJq IqJ . So
Eliminating w from E we find
We note that, analogous to the ring case where we had e 2 0 w 2 = v 1 w −1 ,
which, via the Hopf fibration, gives us an AdS 2 × S 3 /Z p 0 near horizon geometry.
Very Special Geometry
We now consider the explicit example of N = 2 supergravity in five dimensions corresponding to M-theory on a Calabi-Yau threefold -this gives what has been called real or very special geometry [64, 65, 66, 67, 68, 69, 70] . Some properties of very special geometry which we use are recorded in Appendix B. Building on the general results of the previous sections, to find the attractor values of the scalars and the entropy we just need to extremise the relevant magnetic or electric potentials.
Black rings and very special geometry
For very special geometry, the magnetic potential is given by
where the properties of H IJ can be found in Appendix B. Extremising the magnetic potential gives
These equations have a solution
This condition follows from one of the BPS conditions found in [33] . To see that (3.49) is indeed a solution, we insert it into (3.48), which gives
We can fix the constant λ using (B.3) which gives
so finally we get for X I ,
and
This is the supersymmetric solution of [33] derived from the BPS attractor equations. Notice that (3.51) can be rewritten as extremising the magnetic central charge, Z M = X I p I :
So we see that ∂ i V M = 0 together with the BPS condition (3.49) implies Z M extremised. The converse is not necessarily true suggesting there are non-BPS black ring extrema of V M -this is discussed below. Now, from (3.58,3.32) we find that the entropy is
As discussed in Appendix C this gives the correct entropy for the special case of the ring solution of [62] .
Static black holes and very special geometry
The analysis for these black holes is analogous to the black rings. From the attractor equations for a static black hole, governed by
we will get the equation:
This will have similar solutions
Similarly, extremising the electric central charge Z e of [33] together with the BPS condition implies V E is extremised. The converse is not necessarily true suggesting there are non-BPS black hole extrema of V E as noted in [71] . In a similar fashion to the black ring case, we find that the entropy is given by
which, modulo a different normalisation for the charges, is the same as the entropy quoted in [71] (albeit modified due to the presence of a Taub-NUT charge). As shown in Appendix D, our charges,q I , are related to those of [71] by
The appearance of the shifted chargeq I rather than q I is due to the Chern-Simons term.
Non-supersymmetric solutions of very special geometry
In 4 dimensional N = 2 special geometry we can write V ef f or the "blackhole potential function" as [5] 
As noted in [5] and [4] (in slightly different notation), for BPS solutions, each term of the potential is separately extremised while for non-BPS solutions V BH is extremised but DZ = 0. It is perhaps not surprising that a similar thing happens in very special geometry. In fact, this generalisation of the non-BPS attractor equations to five dimensional static black holes has already be shown in [71] using a reduced Lagrangian approach. The electric potential V E can be written
Solving D I V E = 0 we find a BPS solution, D IẐE = 0, and another solution
Similarly, we find the magnetic potential, V M , can be written
and solving D I V M = 0 we find a BPS solution, D I Z M = 0, and another solution
We conjecture one can obtain some five dimensional non-SUSY solutions by lifting non-SUSY solutions in four dimensions which have AdS 2 × S 2 near horizon geometries using the 4D-5D lift. Furthermore the analysis of [4] should go through so that for such solutions to exist we require that extremum of V ef f is a minimum -in other words the matrix
should have non-zero eigenvalues.
General Entropy function
We now relax our symmetry assumptions to AdS 2 × U (1) 2 , taking the following ansatz
Now, using (2.5) and then following [40] , the entropy function is
where f ij ,f ij ,h rs and u s related to five dimensional quantities as discussed in section 2. Now extremising the entropy function gives us differential equations. Using the near horizon geometry of the non-SUSY black ring of [72] , which we evaluate in Appendix E, we find that the entropy function gives the correct entropy.
A. Dimensional reduction
In this section present some details of the dimensional reduction of the Chern-Simons term. We start with the five dimensional gauge-fields which we assume are independent of the fifth direction:Ā
From these definitions we can relate the five dimensional gauge field strength to four dimensional quantities as follows
where
We can now write a five dimensional Chern-Simons term,
where the arrow, "→", denotes the use of integration by parts, andǫ 01234 =ǫ 0123 = 1, are the completely antisymmetric Levi-Civita symbols.
B. Notes on Very Special Geometry
Here we collect some useful relations and define some notation from very special geometry along the lines of [33, 71] , which are used in section 3.6.
• We take our CY 3 to have Hodge numbers h 1,1 with the index I ∈ 1, 2, . . . , h 1,1 .
• The Kähler moduli, X I which are real, correspond to the volumes of the 2-cycles.
• C IJK are the triple intersection numbers. They are related to the couplings defined in (2.1) by
• The volumes of the 4-cycles Ω I are given by
• The prepotential is given by
• The volume constraint (B.3) implies there are n v = h 1,1 − 1 independent vectormultiplets.
• denote the independent vector-multiplet scalars as φ i , and the corresponding deriva-
• The kinetic terms for the gauge fields are governed by the metric
where we use the notation for derivatives: ∂ I = ∂ ∂X I . In terms of the couplings used in (2.1) we have
• The electric central charge is given by
We generalise this toẐ
• The magnetic central charge is given by
• From (B.2) it follows that
which in turn together with (B.4) gives
(B.12)
• As suggested by, (B.11), we will use 2H IJ to lower indices, so for example,
which in turn implies we should raise indices with
where H IJ is the inverse of H IJ .
• In order to take the volume constraint (B.3) into account, it is convenient to define a covariant derivative D I ,
Rather than extremise with respect to the real degrees of freedom using ∂ i , we can take covariant derivatives.
C. Supersymmetric black ring near horizon geometry
Here, we will consider the black ring solution of [60] , and find the near horizon limit of the metric and the gauge fields. This will enable us to compare with the charges defined in section 3.1.
As [60] follows the conventions of [73] the relevant Lagrangian is
We can obtain this action from very special geometry by taking, n v = 3 with the gauge fields equal to each other, F I µν = F µν , fixing the scalars at their attractor value (3.55), and taking
where ǫ IJK is the Levi-Civita symbol. This gives
and the Lagrangian becomes
Comparing (C.1) and (C.4) we findÃ
Now, the metric for the black ring solution of [60] is
and ω = ω ϑ (x, y)dϑ + ω φ (x, y)dφ with
The variables ϑ and φ have period 2π, while −1 ≤ x ≤ 1 and ∞ < y ≤ −1. The gauge field is expressed as,Ã
The ADM charges are given by
Near Horizon Geometry
In these coordinates, the horizon lies at y → −∞. To examine the near horizon geometry, it is convenient to define a new coordinate r = −R/y (so the horizon is at r = 0). Then consider a coordinate transformation of the form
where B 2 = q 2 L/(4R) and 16) and
The metric (C.8) becomes
where we have neglected terms which will disappear when we take the near horizon limit:
The gauge field (C.11) becomes:
with ω ′ = ω ϑ dϑ ′ + ω φ dφ ′ In the limit of small r
where f 1 = (Q − q 2 )/2R 2 and f 2 = q 2 /4R 2 . Expanding ω in the limit of small r, we have,
Expanding out the gauge field (neglecting some terms which can be gauged away) we obtain:Ã = 1 2
where χ = φ − ϑ and
Finally taking the near-horizon limit (C.18), letting x = − cos θ, χ → φ and ϑ ′ → ψ/2, we obtain 5Ã
So using (C.5) to compare (C.27) with (2.3,3.2) we get
Taking the same near horizon limit for the metric we obtain
Let us for the moment consider the metric for constant θ and χ. If we perform the coordinate transformation
we get
we obtain the more familiar form of BTZ
we get the standard form of the BTZ metric
Returning to (C.32) and letting
we obtain
This gives us the relationship between the AdS 2 and S 1 radii for the AdS 3 fibration. To express this in terms of quantities in section 3.4 we compare (C.40) with our ansatz (3.23), which gives:
Upon eliminating l 2 , one obtains the relation (3.33):
which is precisely what we obtained in section 3.4 by solving the equation of motion for w. This is analogous to the Hopf fibration of S 3 whose metric can be written
Finally, setting,p 0 = 1, and substituting (C.2,C.28,C.39) into (3.60) gives
which agrees with the result in [62] .
D. Spherically symmetric black hole near horizon geometry
In this section, we find the near horizon geometry of a extremal spherically symmetric black holes so that we can relate near horizon and asymptotic quantities. This will allow us to compare (3.64) with known results. We start with a spherically symmetric metric of the form
Assuming that we have an extremal black hole, near the horizon at ρ = 0, f will go like
Now, expanding (D.1) to first non-trivial order in ρ, making the coordinate transformations
and taking the near-horizon limit; r → ǫr, t → t/ǫ, ǫ → 0; we can write the metric, (D.1), as
Comparing (D.5) with (3.35) (assuming p 0 = 1) we obtain
Following the conventions of [31] , the electric charge, Q I , is given by
Now evaluating, (D.7) near the horizon, using (B.5,D.3,D.4,D.6), gives
Finally, recalling, F J tr = e I + a I e 0 , and using (3.8) we get
as asserted in the text.
E. Non-supersymmetric ring near horizon geometry
In section 4, we construct the general entropy function for solutions with near horizon geometries AdS 2 × U (1) 2 . Here, we begin with non-supersymmetric black ring solution of [72] , and show that it falls into the general class of solutions mentioned in section 4. Then we also evaluate the entropy of the black ring by extremising the entropy function. We consider the action
The metric for the non-SUSY solution is [72] 
The functions appearing above are defined as
The components of the gauge field are
A choice of sign ǫ = ±1 has been included explicitly. The components of the one-form
The coordinates x and y take values in the ranges −1 ≤ x ≤ 1, −∞ < y ≤ −1, µ −1 < y < ∞.
(E.12)
The solution has three Killing vectors, ∂ t , ∂ ψ , and ∂ φ , and is characterised by four dimensionless parameters, λ, µ, α and ν, and the scale parameter R, which has dimension of length.
Without loss of generality we can take R > 0. The parameters λ, µ are restricted as 0 ≤ λ < 1, 0 ≤ µ < 1. (E.13)
The parameters are not all independent -they are related by 
E.1 Near horizon geometry
In the metric given by (E.2),there is a coordinate singularity at y = −1/ν which is the location of the horizon. It can be removed by the coordinate transformation [72] : e φ = e 0 = 0 (E.36)
The expression for the gauge fields reduce to, Then using the entropy function(4.5), the entropy of the non-supersymmetric black ring can be expressed as,
which agrees with the extremal limit, ν → 0, of Bekenstein-Hawking entropy of the blackring solution in [72] .
